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Abstract

Let G be a graph. The Steiner distance of W C V(@) is the minimum size of a
connected subgraph of G containing W. Such a subgraph is necessarily a tree called a
Steiner W-tree. The set A C V(G) is a k-Steiner general position set if V(Tp)NA = B
holds for every set B C A of cardinality k, and for every Steiner B-tree Tp. The k-
Steiner general position number sgp, (G) of G is the cardinality of a largest k-Steiner
general position set in G. Steiner cliques are introduced and used to bound sgp, (G)
from below. The k-Steiner general position number is determined for trees, cycles
and joins of graphs. Lower bounds are presented for split graphs, infinite grids and
lexicographic products. The lower bound for the latter product leads to an exact
formula for the general position number of an arbitrary lexicographic product.
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1 Introduction

In this work, G = (V(G), E(G)) denotes a simple graph. The distance dg(u,v) between
two vertices v and v of G is the minimum number of edges on a u,v-path in G. If there
is no such path, then we set dg(u,v) = o0o. A wu,v-path of length dg(u,v) is called a
u, v-geodesic.



A general position set of a graph G is a set of vertices S C V(G) such that no three
vertices from S lie on a common geodesic. The cardinality of a largest possible gen-
eral position set is the general position number gp(G) of G. The problem of finding
the general position number was independently introduced in [16, 24] and earlier stud-
ied on hypercubes in [14]. The paper [16] opened a wide interest for the topic, arti-
cles [2, 7, 10, 11, 13, 17, 20, 22, 23, 25, 26] bring many different results on the general
position sets and numbers. General position sets were also generalized to general d-position
sets, where d is a threshold on the length of geodesics on which triples of vertices are not
allowed to lie [12].

For a nonempty set W C V(G), the Steiner distance of W, denoted by dg(W), is
the minimum size of a connected subgraph of G containing W [5]. Such a subgraph is
clearly a tree called a Steiner W-tree. If G is not connected and the vertices of W lie
in at least two components of G, then no Steiner W-tree exists and we set dg(W) = oc.
Papers [6, 15, 19, 21, 28] represent a selection of studies on Steiner trees.

We now introduce the key new concept. Let kK € N and let G be a graph. Then
A CV(G) is a k-Steiner general position set if for every set B C A of cardinality & (from
now on a k-set), and for every Steiner B-tree Tz, it follows that V(T5) N A = B. In other
words, A is a k-Steiner general position set if no k + 1 distinct vertices from A lie on a
common Steiner B-tree, where B C A and |B| = k. Clearly, if |A| < k, then A is k-Steiner
general position set. Hence we may define the k-Steiner general position number of G,
denoted by sgp,(G), as the cardinality of a largest k-Steiner general position set in G. A
k-Steiner general position set of cardinality sgp,(G) will be called a k-sgp-code. Note that
sgp2(G) = gp(G).

Recall that if G is a graph and A C V(G), then A is Steiner convex if for any subset
B C A, all vertices in every Steiner tree T belong to A, see [3, 8, 9]. The new concept of
the Steiner general position set is hence a concept dual to the Steiner convex set.

We proceed as follows. In the rest of this section some further definitions are listed.
In the next section we present basic bounds for sgp,(G) and settle the extreme case when
sgp(G) is equal to the order of G. The section devoted to sgp;(G) for trees and cycles
follows. In the fourth section we present an exact result for sgp, (G V H), where GV H
represents the join of graphs G and H. This enables us to present several exact results
for some known families of graphs. After that comes a section with the k-Steiner general
position number of lexicographic products. The before last section brings lower bounds
for sgp,(G) for split graphs and infinite grid graphs. We present several open problems
and questions in the last section.

We conclude the introduction by some necessary terminology and notation. By n(G)
we denote the order of a graph G. As usual, d(v) represents the degree of a vertex v € V(G),
i.e., the number of neighbors of v. If T'is a tree, then L(T') is the set of its leaves and
UT) = |L(T)|. The cligue number w(G) of G is the cardinality of a largest complete
subgraph of G. If A C V(G), then the subgraph of G induced by A is denoted by G[A].
A graph G is d-connected, where 1 < d < n(G), if the removal of fewer than d vertices
from G always yields a connected graph. By G we denote the complement graph of G it
is defined by V(G) = V(G) and uv € E(G) if and only if uv ¢ E(G). For positive integers
i < j we use the notation [¢ : j| = {i,i +1,...,j}. Other definitions that will be needed,



like the join of graphs, the lexicographic product and others, will be given along the way.

2 Bounding the k-Steiner general position number

To bound the k-Steiner general position number from below, we introduce in this section
k-Steiner cliques, a concept that might be of interest also elsewhere. We characterize
graphs G with sgp,(G) = n(G) and discuss monotonicity of sgp,(G) with respect to the
parameter k.

Let G be a connected graph. Since every nonempty set A C V(G) is trivially a 1-Steiner
general position set and because sgp,)(G) = n(G), in the rest of the paper we restrict
our considerations to the k-Steiner general position sets of G with k € [2: n(G) — 1].

Induced subgraphs of cliques are cliques, hence sgp,(G) > w(G). If k£ > 2 is a fixed
integer, then A C V(G) is a k-Steiner clique if G[B] is connected for every k-set B C
A. The cardinality of a largest k-Steiner clique will be denoted by swy(G). Note that
swa(G) = w(G). Note that, by definition, every set on at most k — 1 vertices is a k-
Steiner clique. (Indeed, such a set has no k-subset, hence no connectivity condition is to
be satisfied.) In particular, if G is not connected, and the order of each component of G
is smaller than k, then every set on min{n(G),k — 1} vertices of G represents a k-Steiner
clique. Hence, in such a case we have swi(G) = min{n(G), k — 1}.

Notice that if G is a connected graph with n(G) > k, then swi(G) > k. Further, a
clique is a k-Steiner clique for every k > 2, thus swi(G) > w(G). Moreover, if A is a k-
Steiner clique of G, then it is also a k-Steiner general position set, hence sgp,(G) > swi(G).
This discussion can be summarized as follows.

Remark 2.1 If G is a connected graph and k € [2 : n(G) — 1], then
max{k,w(G)} < swi(G) < sgpi(G) < n(G).

If n > k, then swi(P,) = k, hence the first inequality in Remark 2.1 is sharp. If
n >k > 3, then swi(K, — M) = n, where M is a matching of K,. Hence the last two
inequalities in Remark 2.1 are also sharp. On the other hand, sgp,(G) can be arbitrarily
larger than swy(G). For instance, if r > 4, then sw3(K,) = 3 and sgps(Ki,) = .

The graphs attaining the equality in the rightmost inequality of Remark 2.1 can be
described as follows.

Proposition 2.2 Let G be a graph and let k € [2 : n(G) — 1]. Then, sgpi(G) = n(G) if
and only if G is (n(G) — k + 1)-connected.

Proof. The statement sgp,(G) = n(G) is equivalent to the fact that for every k-set W,
a Steiner W-tree contains k vertices. That every such subgraph G[W] is connected is in
turn equivalent to the fact that removing an arbitrary set of cardinality n(G) — k does not
disconnect the graph G, that is, G is (n(G) — k + 1)-connected. O

Proposition 2.2 in particular asserts that sgp,(G) = n(G) if and only if G is (n(G)—1)-
connected, that is, if and only if G is a complete graph. This fact was earlier observed
in [24, Theorem 2.1]. By Proposition 2.2, this fact can be thus extended as follows.



Corollary 2.3 The equality chain sgpy(G) = -+ = sgppq)—1(G) = n(G) holds if and
only if G is a complete graph.

We next show that, a bit surprisingly, it is in general not true that a k-Steiner general
position set is also a k’-Steiner general position set for some k' > k.

Proposition 2.4 For every k > 3 there exist a graph G*) and a set A, C V(G®)) such
that Ay is a (k — 1)-Steiner general position set and is not a k-Steiner general position set

of G,

Proof. Let k > 3 and construct G*) as follows. First take the join of the cycle Cj, with
consecutive vertices v1,vs,...,v; and the one vertex graph K; with the vertex w. This
creates a wheel W1 with the center w, cf. Section 4. Then subdivide each of the edges
of the cycle C} by k — 1 vertices and subdivide each of the spokes of the wheel with k — 2
vertices. See Fig. 1 where the graph G®) is drawn.

U3

Figure 1: The graph G®). Also, the 2-sgp set {v1, vo, v3, w} is not 3-sgp set, and {w, z, 7, 2}
is a k-sgp set for k € {2,3}.

We now claim that the set Ay = {w,v1,v9,...,v;} is a (k — 1)-Steiner general position
set of G*) and is not a k-Steiner general position set of G(¥).

Clearly, |Ax| = k + 1. Let By = Ay \ {w}, so that |Bg| = k. A smallest spanning
tree that contains the vertices from Bj and does not contain the vertex w proceeds along
the subdivided cycle Cf and is of size k(k — 1). On the other hand, a spanning tree that
contains the vertices from By as well as the vertex w, contains all the subdivided spokes
and is of size k(k — 1). Hence dgu) (Bx) = k(k — 1) and the second described spanning
tree implies that Ay, is not a k-Steiner general position set of G,

Consider next (k — 1)-subsets B of Aj. By symmetry, there are only two cases to
consider. Suppose first that w € B, so that B contains w and k — 2 vertices of C. Then
it is clear that the unique Steiner B-tree contains w and the subdivided spokes between w
and the other vertices from B. Its size is (k — 1)(k — 2). Suppose second that B consists
of k — 1 vertices from C}%. Then a smallest spanning tree that contains vertices of B and
does not contain w is of size (k — 2)k. On the other hand, a spanning tree that contains
w and the subdivided spokes between w and the vertices from B is of size (k — 1)(k —1).



Since k(k —2) = k? =2k < k* =2k +1 = (k—1)(k — 1), we see that dow (B) = k(k — 2)
and conclude that Ay, is a (k — 1)-Steiner general position set of G(*). O

The proposition above asserts that there exist graphs containing (k — 1)-sgp sets that
are not k-Steiner general position sets for & > 2. However, there could yet exist other sets
in such graphs that are (k — 1)-sgp sets as well as k-Steiner general position sets, as for
instance the set {w, z,y, 2z} of Fig. 1, which is a k-sgp set for k € {2,3}. In consequence,
although there is no monotonicity with respect to inclusion for k-Steiner general position
sets, it still could be a monotonicity relation with respect to the value of sgp;(G) for every
connected graph G. Proving or disproving a general monotonicity relation like this one
seems to be a challenging problem.

The graph G® from Fig. 1 was presented in [4] as a first in a family of graphs that
has a 2-Steiner convex set that is not 3-Steiner convex. Later it was also mentioned in [1].

3 'Trees and cycles
In this section we determine the k-Steiner general position number of trees and cycles.
Theorem 3.1 If T is a tree with n(T) > 3 and k € [2: n(T) — 1], then

[ k<),
kM) =0 s,
Proof. Let T be a tree of order at least 3, and let k € [2: n(T") —1]. Clearly, L(T) is a k-
Steiner general position set. From Remark 2.1 we also know that sgp,(7") > k. Therefore,
sgpi(T) > max{l(T),k}. To establish a corresponding lower bound, we distinguish two
cases.

Assume first that k& < ¢(T"). Let us suppose that sgp,(T) > ¢(T), and let S be a
k-sgp-code of T'. Since |S| > ¢(T), there exist three vertices u,v,w € S such that the
shortest u,v-path in T contains w. By taking a set A C S of k vertices, including wu, v
and not including the vertex w, we obtain that the Steiner A-tree contains the vertex w,
which is not possible. Hence, we conclude that sgp,(T') < ¢(T), and thus sgp, (T') = ¢(T),
in the case when k < ¢(T).

Assume now that k£ > ¢(T"). By using a similar argument as in the previous paragraph,
we find three vertices u,v,w (and some other ones which could also exist) that allow to
claim that there cannot be more than k vertices in any k-sgp-code of T'. For otherwise, we
will obtain a Steiner tree with a not allowed vertex. Therefore, we deduce sgp,(7T') < k,
which leads to the conclusion that if k£ > ¢(T"), then sgp,(T') = k. O

Theorem 3.2 Ifn >3 and k € [2:n — 1], then

[ K kell3]in-2],
sgpy,(Cn) = { k+1; otherwise.



Proof. Let (), be the n-cycle on the vertices vy, v1,...,V,_1,v9. In the rest of the proof
all the operations with the indices of the vertices of C), are done modulo n.

Consider a set A C V(C,,) with |A| = k + 2. Let a,b,c be three consecutive vertices
of A, where consecutive refers to their order on C,. Then B = A — {a,c} is a k-set.
Since every Steiner B-tree contains at least one of the vertices a or ¢, we infer that A
is not a k-Steiner general position set. By Remark 2.1 we have sgp,(C,) > k, hence
sgpr(Cr) € {k,k + 1} follows.

As C,, is 2-connected, Proposition 2.2 implies that sgp,,_;(Cy) = n. In the rest we
may thus assume that £ < n — 2.

We claim that if S is a k-Steiner general position set of C,, of cardinality k+ 1, then S
contains no three consecutive vertices of C,. Suppose on the contrary that, without loss
of generality, S contains vy, vy, and vy. Then for the set S = S\ {v1}, there is at least
one Steiner S’-tree which contains the vertex vy, a contradiction proving the claim. From
it and by the pigeonhole principle, if sgp,(Cy,) =k + 1, then k+1 < L%”J We have thus
proved that sgp,(Cy,) = k for every k € H;?”J in— 2].

In the rest of the proof let k € [2 : |2 | — 1]. We want to show that in these cases
sgpi(Cr) = k+ 1. Since we already know that sgp,(Cy,) < k + 1 it remains to construct a
k-Steiner general position set of cardinality k4 1. For this sake write n as n = q(k+1)+r,
where 7 < k 4+ 1, and consider the following two cases.

Assume first that r < ¢. Let

A = {vy,vq,V2g, - -, Vkq}

and note that |A| =k + 1. If v;,,v4,, v, are any three consecutive vertices of A, then we
note that dc, (vi;,vi;) € {2¢,2q + r}, which is strictly larger than d¢, (vj,v;) € {q,q + 1},
where v; and v; are arbitrary consecutive vertices of A. In consequence, we deduce that
for any vertex v; € A, the Steiner (A \ {v;})-tree does not contain the vertex v;. Thus, A
is a k-Steiner general position set of C,, and so, sgp,(C,) > k + 1 as required.

Assume now that r > ¢. The idea is then to make a partition of V(C},) into k + 2 sets
of consecutive vertices starting with vp: r — ¢+ 1 sets of cardinality ¢+ 1; k+1—r+4+qg—1
sets of cardinality ¢; and one set of cardinality ¢ — 1. Take first vertex from each of the
first k + 1 sets (and no vertex from the set of cardinality ¢ — 1). The set obtained is:

AT = {00, Vg Vg 1) (g4 Vg () bas > Va4 ) (et 1) (kL g-2)a ) -

Notice that the last element of A’ is V(r—g4+1)(g+1)+(k+1—r+q—2)g = Un—2q+1- 1f vy, viy, and
v;, are arbitrary three consecutive vertices of A’, then de,, (vi,, viy) € {2¢,294+1,2942, 3q}.
Moreover, if v; and v; are two consecutive vertices of A’, then d¢,, (vj,v;) € {q,q+1,2¢—1}.
Thus, dc, (vi,,vi;) is always strictly larger than dc, (vj,v;). As a consequence, we again
deduce that for any vertex v; € A, the Steiner (A \ {v;})-tree does not contain the vertex
v;. Theorefore, A is a k-Steiner general position. Hence, also in this second case we have
sgpr(Cr) > k + 1 and we are done. O



4 Joins of graphs

In this section we give a formula for the k-Steiner general position number of graph joins.
For the Steiner diameter of joins see [27], and for the Steiner diameter of several other
graph operations [18, 27].

The join GV H of disjoint graphs G and H is the graph with vertex set V(G V H) =
V(G)UV(H) and edge set

E(GVH)=E(G)UEH)U{gh:geV(G),heV(H)}.

Known families of graphs that can be presented as the join of two graphs include complete
graphs K, = K, V K,_,, complete bipartite graphs K,; = K,V K;, wheel graphs W, =
KiVvC,._1,r >4, and fan graphs F,, = K1V P,_1,n > 2.

It is well-known that w(G V H) = w(G) + w(H) and also not difficult to extend this
result to swi(G V H) = swi(G) + swi(H) for connected graphs G and H. In the general
case the corresponding result still holds as shown next.

Lemma 4.1 If G and H are graphs and k € [2 : n(G) + n(H)], then
swi(GV H) = swi(GQ) + swi(H).

Proof. If A C V(G) and B C V(H) are k-Steiner cliques of G and H, respectively, then
AU B is a k-Steiner clique of GV H even if G or H are disconnected and every component
has less than k vertices. In this latter case, one selects any arbitrary min{n(G),k — 1}
vertices in G, which together with a k-Steiner clique in H form a k-Steiner clique of
G V H. A similar argument can be used symmetrically for H. Thus, swi(GV H) >
ka(G) + ka(H).

Suppose that swi(GV H) > swi(G) + swik(H) and let S be k-Steiner clique of GV H.
Hence, it must happen that |S N V(G)| > swi(G) or [SNV(H)| > swi(H). Without loss
of generality, we may assume that |[SNV(G)| > swi(G). Then SNV(G) is not a k-Steiner
clique of G, and there exists a k-subset B of S N V(G), where G[B] is not connected.
This also means (G V H)[B] is not connected, and S is not a k-Steiner clique of GV H, a
contradiction. Hence, swi(G V H) < swi(G) + swi(H) and the equality follows. O

Let G be a graph and let A C V(G) be a set of vertices of cardinality at least k. Then
we say that A is a k-Steiner join-critical set of G if for each k-subset B of A we have
dara)(B) # k. That is, A is a k-Steiner join-critical set if there exists no k-set B C A
such that a Steiner B-tree in G[A] contains k + 1 vertices. By sjc;,(G) we denote the
cardinality of a largest k-Steiner join-critical set. For a given set D C V(G), if every
connected component of G[D] is of order at most k, then D is k-Steiner join-critical.
For the particular case in which D = V(G), if every connected component of G has
order at most k, then sjc,(G) = n(G). Note also that, by definition, if £ > n(G), then
sicy(G) = n(G).

It seems that determining sjc, (G V H) is a hard problem, but one can express the
exact value for sgp,(GV H) in terms of sjc,(G), sjc,(H), and swi(GV H). In addition, by
Lemma 4.1, the latter invariant can also be expressed by related invariants of G and H.



Theorem 4.2 If G and H are graphs and k € [2:n(GV H) — 1], then
sgpx (G V H) = max{sw(G V H), sjc,(G),sjc,(H)}

Proof. Let G and H be graphs and let M = max{swi(G V H),sjc,(G),sjc,(H)}. If
M = swi(GV H), then sgp,,(GV H) > M by Remark 2.1. Suppose next that M = sjc;,(G).
Let A C V(G) be a k-Steiner join-critical set of G of cardinality sjc, (G). We wish to show
that A is a k-Steiner general position set of G V H. Let B be any k-subset of A. If
G[B] is connected, then we are done. Hence assume that G[B] is not connected. Let h
be an arbitrary vertex of H. Then the set By, = B U {h} induces a connected subgraph
of GV H which means that dgvg(B) < k. On the other hand, there does not exists
a Steiner B-tree of order k 4+ 1 that contains only vertices of A, because A is k-Steiner
join-critical in G. So, every Steiner B-tree in GV H does not contain any additional vertex
from A, and consequently A is a k-Steiner general position set for G V H, meaning that
sgpr(GV H) > M also holds in this case. By the symmetry of G and H in GV H, we also
get that sgp,(G V H) > M when M = sjc,(H).

Suppose now that there exist a k-Steiner general position set A of GV H of cardinality
greater than M. Assume first that Ay = ANV (H) # 0 and Agc = ANV(G) # 0. Since
|A| > M > swi(GV H), Lemma 4.1 implies that at least one of Ag and Ay contains more
vertices than swy(G) and swi(H), respectively. Assume without loss of generality that
|Ac| > swi(G). Recall that for any graph G either

o swi(G) = min{n(G),k — 1} (which means that every connected component of G has
cardinality smaller than k), or

o swi(G) > k.

Let M; = min{n(G),k — 1}. If M; = k — 1, then in both situations above, |Ag| > M;
implies that |Ag| > k. This means there exists a k-subset B of Ag, such that G[B] is not
a connected subgraph and dgy g (B) > k. The set By, = BU {h}, with h € A, induces a
connected subgraph of GV H and dgyp(Bp) = k. So, B, induces a Steiner B-tree that
contains a vertex from A\ B, a contradiction with A being a k-Steiner general position
set of GV H. So, let now M; = n(G) < k. In this case we have |Ag| > M1 = n(G), a
contradiction again.

It remains to consider the case when Ag = () or Ay = (). We may, without loss of
generality, assume that Ay = ). Because |A| > M > sjc,(G), A is not k-Steiner join-
critical and there exists a k-subset B of A, for which dg4(B) = k. Clearly, G[B] is not
connected and dgyvpg(B) = k, a contradiction with A being a k-Steiner general position
set. Hence sgp, (G V H) < M and the equality follows. O

To give some applications of Theorem 4.2, we first determine exact results for sjc;(Py,)
and sjcg (Cy).

Proposition 4.3 Letn > 3. Ifk € [2: n—1], then sjc,(P,) =n— {kLHJ Ift€2:n-2],
then sjc,(Cp) =n—1— L”—_IJ . Moreover, sjc,,_1(Cy,) = n.
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Proof. Divide the vertex set of P, into LkLHJ sets of k + 1 consecutive vertices and a
remainder set with at most k vertices. Let @ be the set consisting of the last vertex from
each of the LkLHJ sets of k + 1 consecutive vertices. Every connected component of the
subgraph induced by B = V(P,) — @ has at most k vertices, therefore B is a k-Steiner
join-critical set of cardinality n — LkLHJ If sjci, (Py) > n — Lk‘LHJ would hold, then every
k-Steiner join-critical set B of cardinality sjc;(P,) would contain a connected component
C with at least k& 4+ 1 vertices. If x is a middle vertex of such a component C, then
dp,(5)(C —{z}) = k, a contradiction. So, the equality holds for paths.

For cycles we can use the same steps for £ € [2: n — 2], only that we need to put also
the last vertex into (), and then the result follows. If £ = n — 1, then any ¢ vertices of C,
induce a connected graph and we are done. O

We can now apply Theorem 4.2 to specific families of graphs as follows.

Corollary 4.4 The following assertions hold for positive integers k,n,r,s.
(i) If k € [2:7+ s — 1], then sgpy (Ky+s) = sgpy (K, V Ks) =71+ s.
(i) If n > 6 and k € [2: n — 1], then sgp,(W,,) = sgpi (K1 V Cp—1) = max{k + 1,n —
2- |52
(iii) If n >4 and k € [2: n— 1], then sgpy(Fy) = sgpy, (K1 V Py—1) = max{k+1,n—1—
i)
() Ifr <s and k € [2:7+s—1], then

max{s, min{k — 1,7} +k —1}; k<s,

sgpy( T,S) sgpy (K r s) { r+s: k > s.

(v) If k€ 2:r+s—1], then

— r+min{s,k —1}; &k > min{r, s},
S K,V K;)=

P (K ) { max{r +k —1,s}; k <min{r, s}.

Proof. The results are obtained by straightforward applications of Lemma 4.1 and The-
orem 4.2. For items (i¢) and (ii7), Proposition 4.3 is also needed. For some cases, Propo-
sition 2.2 can also be applied. O

Note that Corollary 4.4(i) gives examples in which the first possibility of Theorem 4.2
is realized, and that Corollary 4.4(ii) and Corollary 4.4(iii) give examples in which the
second possibility of Theorem 4.2 is realized. As the join operation is commutative, this
means that also the third possibility of Theorem 4.2 is realizable.



5 Lexicographic products

Let G and H be two graphs. The lexicographic product Go H is a graph with V(Go H) =
V(G) x V(H). Two vertices (g,h) and (¢',h') are adjacent if g¢’ € E(G) or (9 = ¢
and hh/' € E(H)). The lexicographic product is a kind of generalization of join because
K90 G = GV G for any graph G. The map pg : (g, h) — g is the projection of V(G o H)
to V(G). The set G" = {(g,h) : g € V(G)} is called the G-layer (through h). Similarly,
9H = {(g9,h) : h € V(H} is called the H-layer (through g). The subgraphs of G o H
induced by G and by 9H are clearly isomorphic to G and H, respectively.

Steiner trees are behaving relatively nice with respect to the first factor G of lexico-
graphic product. More accurate, the following lemma was proved in [1, Lemma 3.1].

Lemma 5.1 Let g1,...,gx be different vertices of a connected graph G. Then for any (not
necessarily different) vertices hy,, ..., hy of a graph H, a Steiner tree of g1,...,gx (in G)
and a Steiner tree of (g1,h1), ..., (gk, hx) (in G o H) have the same size.

This forms a basis for any set B = {(g1,h1),- .., (gk, hx)} of those vertices that project
to at least two different vertices of G. Namely, we have the same size as the Steiner tree
of pa(B) ={g1,-..,9x} plus m; — 1, for every ¢ € [k], where m; represents the number of
vertices from B that project to g;. So, the only case that is not connected with the Steiner
tree in G occurs when all the vertices of B project to the same vertex g;.

Let k and ¢ be two positive integers with &k < ¢. A set A C V(G) is a [k : {]-Steiner
general position set of a graph G, or a [k : {]-sgp set for short, if it is a j-Steiner general
position set for every j € [k : ¢]. The cardinality of a largest [k : ¢]-sgp set for G is
represented as sgp(y.(G). The family of all [k : £]-sgp sets of a graph G is denoted by Gy ;.
For every k-general Steiner position set S, we partition S into two sets Zg and Jg, where
Zs contains all isolated vertices in the subgraph of G[S] and Js = S \ Zg. Every set of
vertices of cardinality at most & is a [k : £]-sgp set. On the other hand, as can be seen from
the proof of Theorem 3.2, for a cycle C),, any set with k4 2 vertices is not a k-sgp set. So,
any [k : ¢]-sgp set of C), contains at most k+ 1 vertices. Fig. 1 shows a graph where the set
S1 = {v1,v2,v3,w} is a 2-sgp set, but not a 3-sgp set. However, the set Sy = {z,y, z,w}
is a [2: 13]-sgp set. Clearly, Zg, = S1 and Zg, = S, while Jg, = 0 = Jg,.

Theorem 5.2 Let G and H be nontrivial graphs, let G be connected, and let k € [2 :
n(G)-n(H)—-1]. If j = {%-‘ and ¢ = min{k,n(G)}, then
maxseg, . {|Zslsjcy (H) + |Ts|swi(H)}; k< n(H),
sgpi(Go H) > .
sgp;.q(G)n(H); n(H) <k <n(G)-n(H).
Moreover, the equality holds if k > (n(G) — 1)n(H).
Proof. Let first &k < n(H) and let M = maxseg, , {|Zs|sjc,(H) + |Ts|swx(H)}. Fix an

arbitrary S € Gy, together with Zg and Js. In addition, let D; be an sjc,(H)-set and
let Do be an swi(H )-set. We will show that A = (Zg x D1) U (Js x D2) is a k-sgp set of
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GoH. Let B be any k-subset of A. Suppose first that all vertices of B belong to one layer
9H. Clearly, any Steiner B-tree contains either k or k + 1 vertices. Moreover, we have
dp(B) = k — 1 when py(B) induces a connected subgraph. If g € Jg, then B induces
a connected subgraph since D is an swy(G)-set and we are done. If g € Zg, then again
we are done when dy(pu(B)) = k — 1, since B induces a connected graph. Otherwise,
let d(pr(B)) > k + 1 (recall Dy is a sjci,(H)-set), and the additional vertex of a Steiner
B-tree, say (x,y), belongs either to 9H or to 9 H for some neighbor ¢ of g. If z = g, then
y & D1 by the definition of a sjci, (H)-set and (z,y) ¢ A. If & = ¢, then (z,y) ¢ A because
g € Zg. Thus, the only vertices from A that are included at some Steiner B-tree are only
those ones from B.

Suppose now that |[pg(B)| = j > 1, thatis, j € [2: k]. As S € Gy, any Steiner pg(B)-
tree in G contains no other vertices from S than those ones from pg(B). By a consequence
of Lemma 5.1, we get that every Steiner B-tree in G o H contains no other vertices from
A than those ones from B. Hence, A is a k-sgp set and we have sgp, (G o H) > M.

Let now n(H) < k < n(G) -n(H), j = [%-‘, and ¢ = min{k,n(G)}. We will show
that sgpy, (G o H) > sgpy;.(G)n(H) by proving that A = Ag x V(H) is a k-Steiner general
position set of G o H, where Ag is a sgp;.¢(G)-set. Let B be any k-subset of A and let
Be = pg(B). Clearly, j < |Bg| < ¢ and every Steiner Bg-tree does not contain any
additional vertex from Ag because Ag is a sgpy;.g(G)-set. But then by Lemma 5.1 and
the comment after it, also the Steiner B-tree does not contain any additional vertex from
A. Thus, A is a k-Steiner general position set of G o H and the first inequality follows.

If £ > (n(G) — 1)n(H), then pg(B) = V(G) for any k-set B. Since G is connected,
(G o H)[B] is also connected and every B-Steiner tree contains only vertices from B.
Therefore, the equality holds. O

If we set k = 2, then we can show the equality in Theorem 5.2. For this, notice
that in any 2-Steiner join-critical set A, two nonadjacent vertices cannot have any of
their common neighbors also in A. Hence, G[A4] is a disjoint union of complete graphs.
Moreover, S € Go 2 simply means that S is a general position set of G. The study of the
general position number of the lexicographic product of graphs was initiated in [13], but
just finding a connection between such parameter and other related structure. We next
give a formula for the general position number of this product.

Theorem 5.3 If G and H are nontrivial graphs where G is connected, then

gp(G o H) = max {{Tslsjca(H) + |Tsl(H)).

Proof. By Theorem 5.2 we have gp(G o H) > maxgeg, ,{|Zs|sjce(H) + [ Ts|w(H)}.

To show the equality, let A be a gp(G o H)-set and let Ag = pg(A). We denote by
T4, the set of isolated vertices from G[Ag]|, and let Ja, = Ag \ Za,,. Suppose first that
there exists g € Za,, such that [9H N A| > sjcy(H) > 2. By the definition of sjcy(H),
there exists a 2-subset B of 9H N A, such that any Steiner B-tree contains a vertex from
(YH N A) — B, a contradiction with A being a gp(G o H)-set. Thus, [YH N A| < sjcy(H)
for every g € Z4,,.
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Assume now that there exists g € Ja, such that |H N A| > w(H) > 1. By the
definition of w(H ), there exists a 2-subset B of 9H N A, such that py(B) is not connected
in H. Therefore, BU{(¢’,h)} forms a Steiner B-tree, where ¢’ is a neighbor of g in Ja,
and (¢’,h) € A, the same contradiction again. Hence, for every gp(G o H)-set A we have
A] < [Taglsica(H) + | Taglo(H).

We still need to show that Ag € Ga 2. If not, then there exists a 2-subset Bg = {g,¢'}
of Ag such that a g, ¢’-geodesic contains another vertex go from Ag. Let h,h', hg € V(H)
be such that (g, h), (¢', 1), (90, ho) € A. Clearly (go, ho) belongs to a (g, h), (¢’, h')-geodesic
in G o H, a contradiction with A being a gp(G o H)-set. O

Notice that the first two paragraphs of the proof above also suit for every 2 < k < n(H).
Unfortunately, there are several problems with the last paragraph while trying to get the
equality in Theorem 5.2.

We next illustrate that we need sets from G when 2 < k < n(H). For this, notice
that, by Theorem 3.2, the cardinality of a set S such that S € Gy is at most three for
n > 5. By Theorem 5.2, we have

sgpy (Cr, 0 Kp) > 3¢.

On the other hand, if a general position set S of C, o K, projects to more than three
vertices of G, then let gi, ..., g be consecutive vertices of pg(S) on C,,. By S; ; we denote
the subset of S that projects to Pg(S) — {gi,g;} where |i —j| > 1 and {3,5} # {1,n}.
If |S; j| > k, then there exists a k-subset B of S; ; that projects to some vertices g,, gr
where i < p < jand (r <i or r > j). Clearly, there exists a B-Steiner tree that contains
a vertex from S NY% H or from S NY% H, a contradiction. So, |S; ;| < k and consequently
|S| < 2k — 1. Hence S is not a sgp,(C,, o Ky)-set. With this we have also shown the
following.

Corollary 5.4 Ifn>5 and 2 < k < /¥, then
sgpy(Cp, 0 Ky) = 3¢.

6 Split graphs and infinite grids

A connected graph G is a split graph if we can partition V(G) in two sets @ and I, such
that G[Q] is a clique K, and G[I] is a graph without edges K. By G, s we denote a split
graph with clique K, and independent set K,. Among joins, K, V K, is a split graph
(see Corollary 4.4 (v) for its k-Steiner general position number). We order the vertices
of I = {v1,...,vs} by their degree, that is 6(vy) > -+ > d(vs). Let i(G) be defined as
follows. If §(v1) < 7 —k+ 1, then i(G) = 0. Otherwise, i(G) denotes the largest integer
i € [s] such that 6(v;) > r —k + 4.

A universal verter of a graph G is a vertex of degree n(G) — 1. The set of all universal
vertices in a graph G, s is denoted by U. We also define

Ul k>s,

uk(Gr’s) B { 0; k<s
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Theorem 6.1 If G, is a split graph, then
sgpy(Grs) > max{r +i(Gys),s + up(Grs), k}.

Proof. Let G, s be a split graph with clique () on r vertices and independent set I on s
vertices and let M = max{r+i(G,s),s+ug(G,s), k}. If M =k, then the inequality holds
by Remark 2.1 and we are done.

Suppose next that M = s+ ui (G, s). This means that s + ui(G, ) > k, for otherwise
we are in the case M = k above. Add to the set A all vertices from I and all universal
vertices when k > s. Select any k-subset B of A. If ui(G,s) = 0, then A C I and every
Steiner B-tree contains only vertices from @), beside those already in B. Moreover, if there
is a universal vertex in A, then there is at least one universal vertex also in B because
k > s. In this case, B induces a connected subgraph and any Steiner B-tree does not
contain any vertex from A\ B. Thus, A is a k-Steiner general position set for G, s and
sgpr(Grs) = M.

Finally, let M = r +i(G, ). This means that r + (G, s) > k, for otherwise we are in
the earlier situation M = k. If i(G,s) = 0, then M = r, A = ) and the deduction is trivial
because vertices of Q induce a clique. Suppose now that A contains all r vertices of () and
first i(G,,s) vertices of I ordered by descending degree sequence. Let B be any k-subset
of A. First notice that i(G, ) < k. Otherwise, if i(G,s) > k, then 6(vy) >r —k+k =r,
which is not possible as every vertex from I can have at most r neighbors. This means
that Bg = BN Q # 0 and there are at least k — i(Gy ) vertices from @ in B. Since
§(vi) = 6(vi(a,.,)) > 1 —k+i(Grs) for every i € [i(G,s)], every vertex from By = BN [
contains more than r — k + i(G, ) neighbors in Q). In other words, every vertex from By
has a neighbor in Bg. But then B induces a connected subgraph and every Steiner B-tree
contains only vertices from B. Therefore, A is a k-Steiner general position set of G, ¢ and
sgpi(Gr,s) > M follows. O

With P, we denote the two ways infinite path. Let V(Py) ={...,—-2,-1,0,1,2,...}
where i is adjacent to j if and only if |[¢ — j| = 1. The infinite grid Py, O P, is the
Cartesian product of two infinite paths, that is V(Ps O Ps) = {(4,) : 4,j € Z} and
(i,7)(k,0) € E(Px O Py) when |i — j| + |k — £] = 1, see Fig. 2.

Theorem 6.2 sgp,(Ps O Ps) > 2k.

Proof. Let S = 51 U S be a set of vertices with S; = {(k —1,0), (k — 2,1),...,(1,k —
2),(0,k—1)} and Sy = {(=k+1,0), (=k+2,-1),...,(=1,—k+2),(0,—k+1)}. See Fig. 2
for an example when k = 4. Notice that |S;| = |S2| = k. We will show prove that S is a
k-Steiner general position set of Py, O P.,. Let B C S be a k-subset. If B =57 or B = S,
then it can be easily noted that any Steiner B-tree does not contain any vertex of S\ B.
Hence, we may assume By = BN S1 # () and By = BN Sy # (.

Let ji1,72 and ja,i; be the largest and the smallest indexes, respectively, such that
the vertices (i1, 1), (i2,j2) belong to Si. Analogously, let j4,i3 and j3,i4 be the largest
and the smallest indexes, respectively, such that the vertices (is,j3), (i4,j4) belong to
Sy. We remark that it could happen (i1,j1) = (i2,72) or (is,j3) = (ig,js4). Let X =
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Figure 2: By taking k = 4, the vertices of the set S appear squared.

{(i1,71), (32, J2), (i3, J3), (i1, ja)} and consider a Steiner X-tree. According to the structure
of the set S, we notice that only those vertices of Y given below could belong to a Steiner
X-tree. See Fig. 3 for a sketch of Y.

Y={is, ... i} X {jas -, 2) U({an, .- ia} < {g2}) U ({in} x {g2, - 1 })
U ({24, ,’i3} X {j4}) U ({Z3} X {jg,... ,j4}) .

J1 ®

J2 =7

L ]
@

iy i3 iy i3

Ja Ja

Figure 3: Two sketches of possibilities for the set Y. In the second one, i1 = io and
jg = jl, or equivalently, (’il,jl) = (ig,jg).

Now, we first observe that every vertex (i,j) € S such that ¢ & [i1 : i9] U [iq : i3] and
J ¢ [j2 = 71]U[js : ja] does not belong to Y, and so, it is not included in any Steiner X-tree.
On the other hand, if (7,j) € B; \ X, then to obtain a Steiner X U {(i,j)}-tree we
can only add to an Steiner X-tree some vertices of the set {i1,...,i} x {ja,...,7}. This
allows to claim that if (¢, ;') ¢ Bi, then it will not belong to any Steiner X U {(i, j) }-tree
for every (i,j) € By \ X. This procedure can be iterated for all the remaining vertices
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of B, and consequently, we will obtain that any Steiner X U Bj-tree does not contain
vertices from S\ Bj. By using some symmetrical arguments, we will obtain that any
Steiner X U (B; U Ba)-tree does not contain vertices from S\ (B; U Bz), which is precisely
that any Steiner B-tree does not contain vertices from S\ B. Therefore, S is a k-Steiner
general position set for P, O P, and the lower bound follows. g

Note that the proof of Theorem 6.2 implies that sgp, (P, P,) > 2k as soon as
min{n,m} > 2k — 1. It would be interesting to exactly determine sgp,(P, O P,,) for
all n and m, cf. also Problem 7.5. More generally, it would be interesting to consider
sgpi(GOH), see [10] for the case k = 2.

7 Concluding remarks and problems

In Proposition 2.4 we have demonstrated that a k-Steiner general position set need not be
a k’-Steiner general position set for &' > k. This result indicates that there is no monotony
relation for k-Steiner general position sets with respect to inclusion, for every graph G,
but not necessarily for the value of the parameter sgp,(G). Hence, we pose the following
problem.

Problem 7.1 Is there any monotony relation between sgp,(G) and sgpy1(G)?

It is already known that computing the general position number of graphs is NP-hard
in general. In this sense, the answer to the following problem seems obvious.

Problem 7.2 Determine the complexity of computing the k-Steiner general position num-
ber.

We are not aware of any lexicographic product for which the bound of Theorem 5.2 is
not sharp, hence se pose:

Problem 7.3 Is the bound of Theorem 5.2 sharp for all lexicographic products?

It is easy to construct several split graphs such that the bound of Theorem 6.1 is sharp.
It remains to describe all split graphs for which the equality holds.

Problem 7.4 For which split graphs is the bound of Theorem 6.1 sharp?

The bound from Theorem 6.2 is tight because sgpy(Poc O Pso) = gp(Po O Px) = 4
was proved in [17]. We wonder whether a parallel result holds for each k > 2:

Problem 7.5 Does the equality sgp;,(Px O Ps) = 2k holds for k > 27

Finally, in [11] the general position number of arbitrary integer lattices was determined,
that is, of the Cartesian product of finitely many factors P.,. Hence we also pose:

Problem 7.6 Investigate sgpy(Ps O -+ O Py) for k > 2.
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